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Abstract
Motivated by recent experiments with superradiant Bose-Einstein Condensate (BEC) we con-
sider simple microscopic models describing rigorously the interference of the two cooperative
phenomena, BEC and radiation, in thermodynamic equilibrium. Our resuts in equilibrium con-
firm the presence of the observed superradiant light scattering from BEC: (a) the equilibrium
superradiance exists only below a certain transition temperature; (b) there is superradiance
and matter-wave (BEC) enhancement due to the coherent coupling between light and matter.
Keywords: Bose-Einstein Condensation, Superradiance
PACS: 05.30.Jp, 03.75.Fi, 67.40.-w.
Running title : BEC and superradiance
1Email : Joe.pule@ucd.ie
2Email : andre.verbeure@fys.kuleuven.ac.be
3Email : zagrebnov@cpt.univ-mrs.fr
1
1. This letter is motivated by the interest in Bose-Einstein Condensation (BEC) of bosons in
traps and in particular, by the recent discovery of the Dicke superradiance and BEC matter-
wave amplification, see e.g. [1], [2], [3]. In all these experiments, the condensate was illuminated
with a Q-mode laser beam (so-called “dressing beam”) and then the BEC atoms scatter photons
from this beam into another mode and receive the corresponding recoil momentum producing
a coherent “four-wave mixing” of light and atoms [3]. Notice that Girardeau in 1978, [11], had
already anticipated the possible existence of these phenomena.
The irradiation of a Bose-Einstein condensate can be considered as an external action on it.
The effect of other external agents have been studied, for instance the influence of boundary
conditions ([4] and [5]) and that of an external field, scaled with the volume so as to retain the
space homogeneity [6]. In the first case it is well known that attractive boundary conditions en-
hance condensation. Here condensation occurs even in one dimension and is a consequence of a
discrete point in the spectrum. In the other case one also finds an enhancement of condensation
compared to that of the free Bose gas depending on the behaviour of the potential.
In the present letter we consider two simple models which show that some particular inter-
actions with a one-mode radiation can enhance the conventional BEC of the perfect Bose gas
(PBG). This can be interpreted as a coherent coexistence of the BEC and the condensation of
photons, which is a type of equilibrium Dicke superradiance induced by BEC, see e.g. [7], [8],
[9].
We consider a system of non-interacting bosons (PBG) of mass m enclosed in a cubic box
Λ ⊂ Rd of volume V = |Λ| = Ld centered at the origin with periodic boundary conditions. The
Hamiltonian for the PBG is
TΛ :=
∑
k∈Λ∗
ǫka
∗
kak (1)
where
k ∈ Λ∗ =
{
k ∈ Rd : k = 2πn
L
, n ∈ Zd
}
,
ǫk = ~
2k2/2m is the kinetic energy of one particle and a∗k and ak are the usual boson creation and
annihilation operators corresponding to momentum ~k, satisfying the commutation relations
[ak, a
∗
k′] = δkk′, [ak, ak′] = [a
∗
k, a
∗
k′] = 0.
In both of our models the PBG (1) interacts with a one-mode photon field with Hamiltonian
Ω b∗b, (2)
where b∗ and b are the photon creation and annihilation operators, satisfying [b, b∗] = 1, and
Ω > 0 is the energy of a single photon.
In both our models we assume that the photons interact with bosons linearly. The interac-
tion in the first model has the form:
U1Λ =
1
2
g1 (a
∗
Qb+ aQb
∗), (3)
whereas in the second one it is:
U2Λ =
1
2
g2 (a
∗
Q′b
∗ + aQ′b). (4)
Hence the Hamiltonians of our models have the form :
H1,2Λ = T˜Λ + Ω b
∗b+ U1,2 Λ, (5)
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where T˜Λ :=
∑
k∈Λ, k 6=0 ǫka
∗
kak and g1,2 ≥ 0.
The different forms of interactions (3) and (4) come from two possible mechanisms of the
light-bosons couplings.
It is known that in the cubic box the conventional BEC of the PBG occurs only in the
mode k = 0, see e.g. [10]. Since the scattering of the Q-mode light is most important on the
macroscopic amount of condensed particles, following [11] and [12] we retain in the interaction
only terms representing excitation from, and de-excitation back, to the BEC (in conformity
with the minimal coupling in electrodynamics):
Û1Λ =
1
2
λ1√
V
(a∗Qa0bQ + a
∗
0aQb
∗
Q), (6)
with a coupling λ1 ≥ 0. Now assuming (as in [3]) that the depletion of the condensate can be
neglected, one can simplify (6) by substituting
1√
V
a0 → √ρ0 eiϕ , 1√
V
a∗0 →
√
ρ0 e
−iϕ, (7)
where ρ0 is the k = 0 mode condensate density. This leads to the interaction (3), with the cou-
pling constant g1 = λ1
√
ρ0, after a gauge transformation eliminating the zero mode condensate
phase ϕ and after putting bQ = b.
The interaction (4) has as its origin in the “four-wave mixing” mechanism , see e.g. [1]-
[3]. A condensate illuminated by a Q-mode “dressing” laser beam (“dressed condensate”) can
spontaneously emit pairs of photons and recoiling atoms. The simplest way to take this into
account is described by the Hamiltonian [3]:
Û2Λ =
1
2
λ2√
V
(a∗Q′b
∗
Q′′a0bQ + a
∗
0b
∗
QaQ′bQ′′), (8)
where b∗Q′′ , bQ′′ correspond to superradiated photons with a wave-vector Q
′′ = Q−Q′. If as in [3]
one neglects the depletion of the k = 0 mode “dressed” condensate and the Q-mode “dressing”
laser beam, then as in (7) the substitution of the corresponding operators by c-numbers gives
instead of (8) the interaction (4). Now g2 is proportional to λ2
√
ρ0 and the amplitude of the
“dressing” laser beam, and bQ′′ = b.
The aim of the present letter is to study the thermodynamic equilibrium properties of the
models (5) and the possible phase transitions due to the coherent interaction of recoiled con-
densate atoms with scattered (superradiated) photons.
2. These models can be solved exactly by canonical transformations diagonalizing Hamiltoni-
ans (5). To establish the thermodynamic properties we consider the grand-canonical ensemble
Hamiltonians
H1,2Λ(µ) = H1,2Λ − µN˜Λ, (9)
where µ is the chemical potential and
N˜Λ =
∑
k∈Λ, k 6=0
a∗kak , (10)
is the particle number operator for the system excluding the ground state condensate. Since
we shall follow a procedure analogous to that used for the PBG it is useful to recall some facts
about the latter.
3
For the PBG the finite-volume grand-canonical thermodynamic functions exist only for
µ < 0. Denoting the grand-canonical Gibbs state corresponding to the Hamiltonian TΛ at
inverse temperature β by 〈−〉TΛ (µ), we have for µ < 0,
lim
V→∞
〈
NΛ
V
〉
TΛ
(µ) = ρ0(µ) (11)
where NΛ = N˜Λ + a
∗
0a0 and
ρ0(µ) =
1
(2π)d
∫
Rd
ddk
eβ(ǫk−µ) − 1 . (12)
For d ≥ 3, ρ0c ≡ ρ0(0) <∞ and therefore, to be able to access densities higher than ρ0c in this
case, one has to work with a given density rather than the chemical potential. We fix the finite
volume chemical potential µV by the equation
ρ =
〈
NΛ
V
〉
TΛ
(µV ). (13)
One then finds that for ρ ≤ ρ0c, µV → µ∞ where µ∞ < 0 is the unique solution of the equation
ρ = ρ0(µ). (14)
On the other hand for ρ > ρ0c,
µV = − 1
βV (ρ− ρ0c) + O(1/V
2). (15)
For the expectation of the zero mode occupation particle density we have
lim
V→∞
〈
a∗0a0
V
〉
TΛ
(µV ) =
{
0 for ρ ≤ ρ0c,
ρ− ρ0c for ρ > ρ0c.
(16)
2.1 Returning to our first model H1Λ let us now define new boson operators ξ
∗
1 , ξ1 and η
∗
1, η1
by the canonical transformation:
ξ1 = cosϑ aQ + sinϑ b (17)
η1 = sin ϑ aQ − cosϑ b .
where ϑ satisfies the equation
tan 2ϑ = − g1
Ω− ǫQ + µ. (18)
In terms of these operators we can write the Hamiltonian H1Λ(µ) in the form
H1Λ(µ) =
∑
k∈Λ∗, k 6=0,Q
(ǫk − µ)a∗kak + E1+(µ,Ω)ξ∗1ξ1 + E1−(µ,Ω)η∗1η1 , (19)
where
E1+(µ,Ω) =
1
2
{
Ω + ǫQ − µ+
√
(Ω + µ− ǫQ)2 + g21
}
(20)
E1−(µ,Ω) =
1
2
{
Ω + ǫQ − µ−
√
(Ω + µ− ǫQ)2 + g21
}
.
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Since E1+(µ,Ω) ≥ E1−(µ,Ω), the thermodynamic stability of the Hamiltonian H1Λ(µ) requires
that
E1−(µ,Ω) ≥ 0 or µ ≤ µc(g1,Ω) (21)
where
µc(g,Ω) ≡ min
{
0 , − g
2
1
4Ω
+ ǫQ
}
. (22)
Denoting the grand-canonical Gibbs state corresponding to the Hamiltonian H1Λ by 〈−〉H1Λ (µ),
we have for µ < µc,〈
a∗QaQ
V
〉
H1Λ
(µ) =
1
2V
{(
1
eβE1+ − 1 +
1
eβE1− − 1
)
− Ω + µ− ǫQ
E1+ −E1−
(
1
eβE1+ − 1 −
1
eβE1− − 1
)}
(23)
and 〈
a∗kak
V
〉
H1Λ
(µ) =
1
V
1
eβ(ǫk−µ) − 1 (24)
for k 6= 0, Q. Thus, since E1−(µ,Ω) > 0 for µ < µc, we get for the total particle density
lim
V→∞
〈
N˜Λ
V
〉
H1Λ
(µ) = lim
V→∞
1
V
∑
k∈Λ, k 6=0
1
eβ(ǫk−µ) − 1 = ρ0(µ). (25)
Therefore as in the PBG we have to fix the finite volume chemical potential µV by the equation
ρ =
〈
N˜Λ
V
〉
H1Λ
(µV ). (26)
and to distinguish two cases, ρ ≤ ρc and ρ > ρc where
ρc ≡ ρ0(µc). (27)
Notice that by (12) if µc < 0, then ρc <∞ even for d = 1, 2.
(a) Case : ρ ≤ ρc. Using (26) we see that in this case µV → µ∞, where µ∞ < µc is the unique
solution of
ρ = ρ0(µ). (28)
Since for these values of µ, E1−(µ,Ω) is bounded below away from zero, by (23) we also get for
the expectation of the Q mode occupation particle density
lim
V→∞
〈
a∗QaQ
V
〉
H1Λ
(µV ) = 0. (29)
Similarly we get
lim
V→∞
〈
b∗b
V
〉
H1Λ
(µV ) = (30)
lim
V→∞
1
2V
{(
1
eβE1+ − 1 +
1
eβE1− − 1
)
+
Ω+ µ− ǫQ
E1+ − E1−
(
1
eβE1+ − 1 −
1
eβE1− − 1
)}
= 0,
for the density of photons.
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(b) Case : ρ > ρc. As above the analysis is similar to that for the PBG. Using (23) - (26) we
see that for V →∞, µV takes the form:
µΛ = µc − 1
V
1
β(ρ− ρc) + O(1/V
2), (31)
and
E1−(µV ,Ω) =
1
V
1
β(ρ− ρc)
Ω
Ω− µc + ǫQ +O(1/V
2). (32)
Then by (23) and (32) we get instead of zero (see 29):
lim
V→∞
〈
a∗QaQ
V
〉
H1Λ
(µV ) = ρ− ρc, (33)
implying the occurrence of BEC of the Bose gas in the Q-mode. Similarly, instead of zero as
in (30) we obtain
lim
V→∞
〈
b∗b
V
〉
H1Λ
(µV ) =
g21
4Ω2
(ρ− ρc) , (34)
that is, one has condensation of photons occurring simultaneously with BEC (33). This corre-
lation can also be seen from the limit of the boson-photon correlation (entangling) function:
lim
V→∞
〈
a∗Qb
V
〉
H1Λ
(µV ) =
= − lim
V→∞
g1
2V (Ω + µV − ǫQ)
{(
eβE1+ − 1)−1 − (eβE1− − 1)−1} =
=
{
−g1 (ρ− ρc)/2Ω for ρ > ρc,
0 for ρ ≤ ρc.
(35)
2.2 Now we condider our second model H2Λ We define new boson operators ξ
∗
2 , ξ2 and η
∗
2, η2
by the canonical Bogoliubov transformation:
ξ2 = cosh φ aQ′ − sinh φ b (36)
η2 = coshφ b− sinh φ aQ′ .
where φ satisfies the equation
tanh 2φ = − g2
Ω + ǫQ′ − µ. (37)
In terms of these operators we can write the Hamiltonian H2Λ(µ) in the form
H2Λ(µ) =
∑
k∈Λ∗, k 6=0,Q′
(ǫk − µ)a∗kak + E2+(µ,Ω)ξ∗2ξ2 + E2−(µ,Ω)η∗2η2
+
1
2
{(E2− + E2−)− (ǫQ′ − µ+ Ω)} , (38)
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where
E2+(µ,Ω) =
1
2
{
(ǫQ′ − µ− Ω) +
√
(ǫQ′ − µ+ Ω)2 − g22
}
(39)
E2−(µ,Ω) =
1
2
{
−(ǫQ′ − µ− Ω) +
√
(ǫQ′ − µ+ Ω)2 − g22
}
.
The thermodynamic stability of the Hamiltonian H2Λ(µ), always gives
µ ≤ µc(g2,Ω) (40)
where
µc(g2,Ω) ≡ min
{
0 , − g
2
2
4Ω
+ ǫQ′
}
. (41)
As in (27) we let
ρc ≡ ρ(µc). (42)
We have for µ < µc,
〈
a∗Q′aQ′
〉
H2Λ
(µ) =
{(
1
eβE2+ − 1 −
1
eβE2− − 1
)
+
ǫQ′ − µ+ Ω
E2+ + E2−
(
1
eβE2+ − 1 +
1
eβE2− − 1
)
+
ǫQ′ − µ+ Ω
E2+ + E2−
− 1
}
, (43)
〈a∗kak〉H2Λ(µ) =
1
eβ(ǫk−µ) − 1 for k 6= 0, Q
′, (44)
〈b∗b〉H2Λ(µ) =
{
−
(
1
eβE2+ − 1 −
1
eβE2− − 1
)
+
ǫQ′ − µ+ Ω
E2+ + E1−
(
1
eβE2+ − 1 +
1
eβE2− − 1
)
+
ǫQ′ − µ+ Ω
E2+ + E1−
− 1
}
(45)
and 〈
a∗Q′b
∗
〉
H2Λ
(µ) =
g2
2
√
(ǫQ′ − µ+ Ω)2 − g22
{(
eβE2+ − 1)−1 + (eβE2− − 1)−1 + 1} . (46)
If ǫQ′ ≥ g22/4Ω then µc(g2,Ω) = 0 and we return to the PBG with no condensation in the
Q′-mode. If ǫQ′ < g
2
2/4Ω we have to study two cases g
2
2 ≥ 4Ω2 and g22 < 4Ω2. Consider first
the case g22 ≥ 4Ω2.
(a) Case : ρ ≤ ρc Proceeding in a similar manner as for the first model we get
lim
V→∞
〈
a∗Q′aQ′
V
〉
H2Λ
(µV ) = lim
V→∞
〈
b∗b
V
〉
H2Λ
(µV ) = lim
V→∞
〈
a∗Q′b
∗
V
〉
H2Λ
(µV ) = 0. (47)
(b) Case : ρ > ρc As for the first case here we obtain
lim
V→∞
〈
a∗Q′aQ′
V
〉
H2Λ
(µV ) = ρ− ρc, (48)
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lim
V→∞
〈
b∗b
V
〉
H2Λ
(µV ) =
g22
4Ω2
(ρ− ρc) , (49)
and
lim
V→∞
〈
a∗Q′b
∗
V
〉
H2Λ
(µV ) =
g2
2Ω
(ρ− ρc). (50)
In the case g22 < 4Ω
2 we find that the limits have the same form but with g2 and Ω interchanged.
3. Clearly in our models the superradiance (see e.g. [13] and [14]) is directly related with
BEC as is explicitly seen for example by comparing the formulæ (33) and (34). Hence in spite
of the simplicity of the models (5) they manifest an interesting cooperative phenomenon. The
presence of the interaction between the Bose gas and radiation, compared to the PBG, occurs
in both models at a lower critical density ρc = ρ0(ǫQ − g2/4Ω) < ρ0c = ρ0(0). Moreover the
condensation in these models takes place not only in dimension d ≥ 3, but also in dimensions
d = 1 and d = 2. This shows clearly that the presence of radiation enhances the process of
condensation in the Bose gas.
It is also interesting to remark the value of the entangling boson-photon interaction energy
in the two models, which one reads off from (35) and (50):
lim
V→∞
〈
U1,2Λ
V
〉
H1,2Λ
(µV ) = ∓
g21,2
2Ω
(ρ− ρc). (51)
For the first model based on the minimal coupling we obtain the negative interaction energy
(bound state) in the presence of condensates, which is well-known [7]-[9], [14]. Whereas for
the second model this interaction energy is positive, which is a completely different type of
entanglement.
These aspects of our results make contact with recent interests in entangled atom-photon
states generated in BEC-superradiance experiments, see e.g. [1], addressed to a variety of
applications like tests of Bell inequalities, quantum cryptography and quantum teleportation.
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